ABSTRACT. Given arbitrary integers d and r with d ≥ 4 and 1 ≤ r ≤ d + 1, a reflexive polytope P ⊂ R d of dimension d with depthK[P] = r for which its dual polytope P ∨ is normal will be constructed, where K[P] is the toric ring of P.
INTRODUCTION
A lattice polytope is a convex polytope P ⊂ R d each of whose vertices belongs to Z d . We say that a lattice polytope P ⊂ R d of dimension d is reflexive if the origin 0 of R d belongs to the interior P \ ∂ P of P and if the dual polytope
x, y ≤ 1, ∀y ∈ P } of P is a lattice polytope, where x, y is the canonical inner product of R d . Reflexive polytopes have been studied by many articles in the frame of algebraic combinatorics (e.g., [5] ), algebraic geometry (e.g., [1] ) and Gröbner bases (e.g., [6] ). Once the dimension is fixed, there exist only finitely many reflexive polytopes up to unimodular equivalence ( [10] ). Furthermore, in [9] , a complete classification of the reflexive polytopes of dimension ≤ 4 is achieved. 
denote the depth of the toric ring K[P]. The topic we are interested in is the behavior of depth K[P] of a reflexive polytope P ⊂ R d . When a lattice polytope P is reflexive with dim P ≤ 3, its toric ring K[P] is (normal and) Cohen-Macaulay (e.g., [4, Theorem 3.36] ). Hence depth
In general, a lattice polytope P ⊂ R d is called normal if for each N = 1, 2, . . . and for each a ∈ NP ∩ Z d , there exist a 1 , . . ., a N ∈ P ∩ Z d with a = a 1 + · · · + a N , where NP = { Na ; a ∈ P } is the Nth dilation of P. If P is normal, then K[P] is normal. Now, our contribution to the study on reflexive polytopes is the following. A brief outline of the present paper is as follows. First, a non-normal very ample reflexive polytope of dimension 4 will be discovered (Example 1.1). As a result, it follows that a reflexive polytope P ⊂ R d of dimension d with depthK[P] = 1 exists if d ≥ 4 (Corollary 1.4). Second, based on the computational results (Example 2.1), a proof of Theorem 0.1 will be given.
NON-NORMAL VERY AMPLE REFLEXIVE POLYTOPES
We say that a lattice polytope
Clearly every normal polytope is very ample. Proof. The equations of the supporting hyperplanes which define the facets of P are
Hence P ∨ is a lattice polytope. Thus P is reflexive. it follows that (1, 1, 3, 2) belongs to 2P ∩ Z 4 . However, (1, 1, 3, 2) cannot be written as the sum of two column vectors of the above matrix. Thus P cannot be normal. We now claim P is very ample. Let F 0 , F 1 , . . ., F 8 denote the facets of P, where F 0 is the facet arising from the supporting hyperplane with the equation
and a ∈ Z 4 belong to NP ∩ Z 4 . A routine work says that each of P 1 , . . ., P 8 is normal. Hence, if a ∈ 1≤i≤8 NP i ∩ Z 4 , then there exist a 1 , . . . , [7] that, for 3 ≤ k ≤ N, there exist a 1 , . . . , a k ∈ F 0 ∩ Z 4 with a = a 1 + · · · + a k and that, for k = 2 with a = (1, 1, 3, 2) , there exist a 1 , a 2 ∈ F 0 ∩ Z 4 with a = a 1 + a 2 . Since 0 ∈ P, it follows that, if a = (1, 1, 3, 2), there exist a 1 , . . . , a N ∈ P 0 ∩ Z d with a = a 1 + · · · + a N . Finally, (1, 1, 3, 2) = (1, 1, 4, 1) + (0, 0, 0, 1) + (0, 0, −1, 0) 
As a result, for each N ≥ 3 and for each a ∈ NP ∩ Z d , there exist a 1 , . . ., a N ∈ P ∩ Z d with a = a 1 + · · · + a N . Thus P is very ample, as desired.
Corollary 1.2. A non-normal very ample reflexive polytope
Proof. Let P ⊂ R 4 denote the lattice polytope of Lemma 1.1. We claim
is a non-normal very ample reflexive polytope of dimension d. Let V ⊂ Z d be the set of vertices of the dual polytope P ∨ . Then the set of vertices of Q is
where e 1 , . . . , e d are the canonical unit coordinate vectors of R d . In particular Q ∨ is a lattice polytope. Hence Q ⊂ R d is a reflexive polytope of dimension d. Now, given an integer N > 0, one has
It then follows that a ′ = (a, x 5 , . . . , x d ) ∈ NQ ∩ Z d is the sum of N points belonging to Q ∩ Z d if and only if a ∈ NP ∩ Z 4 is the sum of N points belonging to P ∩ Z 4 . As a result, since P ⊂ R 4 is very ample, so is Q ⊂ R d , as required.
A crucial fact of the toric ring of a non-normal very ample polytope is 
THE DEPTH OF A REFLEXIVE POLYTOPE
Huge amounts of computation of reflexive polytopes of dimension 4 in the list ( [9] ) yield the three reflexive polytopes of dimension 4 described in Example 2.1. Recall that, in general, the bipyramid of a convex polytope P ⊂ R d is the convex polytope bipyr(P) ⊂ R d+1 which is the convex hull of
Lemma 2.2. Let P ⊂ R d be a reflexive polytope of dimension d. Then bipyr(P) ⊂ R d+1 is a reflexive polytope of dimension d + 1 with
Proof. If V ⊂ Z d is the set of vertices of the dual polytope P ∨ , then that of (bipyr(P)) ∨ is { (a, ±1) ∈ R d+1 : a ∈ V }. In particular (bipyr(P)) ∨ is a lattice polytope. Hence bipyr(P) ⊂ R d+1 is a reflexive polytope of dimension d + 1. Furthermore, since
the required formula (2.1) follows.
The bipyramid bipyr(P) of a reflexive polytope P ⊂ R d of dimension d is normal if and only if P is normal. However, Lemma 2.2 says that the bipyramid of a non-normal very ample reflexive polytope cannot be very ample. In fact, Proposition 2.3. Let P ⊂ R d be a reflexive polytope of dimension d. Then the following conditions are equivalent:
(i) P is normal;
(ii) bipyr(P) is normal; (iii) bipyr(P) is very ample.
Proof. One has (i) ⇔ (ii) ⇒ (iii). Suppose that bipyr(P) is very ample. Lemma 2.2 says that depth K[bipyr(P)] > 1. It then follows from Lemma 1.3 that bipyr(P) must be normal. Hence (iii) ⇒ (ii) follows. 
